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1 Introduction
1 Baudisch-Pillay
trivial forking Evans :2
$\lceil_{\mathrm{n}\mathrm{o}\mathrm{n}}$-trivial forking
trivial forking
2 reduct $\mathrm{t}$ ( )
2 :forking Trivi One-based 3 :2
foriking non-trivial CM- 4 :disjoint 2
Trivial One-based 5 :4
2 3 non-trivial






$\mathrm{K}’$ $\forall x\exists\leq 2yR’(x,y)$
*Definition6.2.2
\dagger Reduction : $T’$ $L’$-theory} $T’$ Morleyized
$\tilde{L}’$-theory $\tilde{T}’$ $\tilde{L}’=$
$L’\cup\{R_{\varphi}(\overline{x}) : \varphi\in L’\}$ $\tilde{T}’=T’\cup\{\forall o\overline{e}(\varphi(o\overline{e})rightarrow R_{\varphi}(\overline{x})) : \varphi(\overline{x})\in L\}$. L’L \supset
$L$, $T’$ $L$ $\mathrm{R}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}$



















$A,$ $B,$ $C\in \mathrm{K}’,A=B\cap C$ $B\mathrm{I}\mathrm{I}_{A}C$
$R^{\prime B\mathrm{U}_{A}C}=R^{;B}R^{rC}$




1/ $=\{\forall\overline{x}\exists\overline{y}(\mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x})arrow \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{B}(\overline{x},\overline{y})\Lambda\forall z(R’(y, z)\Lambda y\in\overline{y}arrow z\in\overline{x}\overline{y}))$ :
$A\leq’B\in \mathrm{K}’A,$ $B$ } $\cup\{\forall\overline{x}\neg \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x}) :A\not\in \mathrm{K}’\}$
$\bullet$ $R^{\mathit{4}}(y,z)$ Ay\in y-\prec z\in x-y-
$\mathrm{c}1^{l}(\overline{x}\overline{y})=\mathrm{c}1’(\overline{x})\overline{y}$
$\supseteq$ $z\in \mathrm{c}1’(\overline{y})$ z\in cl’(x-)y- $z\in \mathrm{c}1$ $(y)$
z\in -- $\mathrm{O}\mathrm{K}_{\text{ }}z\in \mathrm{c}1^{2}(\overline{y})$
’
$R’(z, z^{l})$ $z’\in \mathrm{c}1^{r_{1}}(\overline{y})\underline{\subseteq}$
$z^{J}$ $z\in \mathrm{c}1’(\ovalbox{\tt\small REJECT}$ z\in x-y-
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$\bullet$ $M\models T_{1}’$ iff $A,$ $B\in \mathrm{K}’$ $A\leq’B$ $A\subseteq M$
$\mathrm{c}1_{M}’(B’)=\mathrm{c}1_{M}’(A)$ $A$
$B’$
$A$ $B$ $B’$ $M$
semigeneric
$\bullet$ $T_{1}^{\ell}$ : $\mathrm{K}_{0}’$ $\mathrm{K}’$
$(\mathrm{K}_{0}’, \leq’)$-generic $M$
cl (A) $\mathrm{d}_{M}’(A)\mathrm{I}\mathrm{I}_{A}B$ $M$ closed $M\models T_{1}’$
$\bullet$ $M\models T_{1}’\mathrm{B}\grave{\grave{1}}$y-saturated $\text{ }A\subseteq_{\omega}M,$ $\mathrm{c}1_{M}’(A)\leq’B\in \mathrm{K}^{;-}T^{\backslash }\backslash B-\mathrm{c}1_{M}’(A)$
$\mathrm{B}\grave{\grave{:}}\urcorner \mathrm{p}\ovalbox{\tt\small REJECT} \text{ _{ }}$ compactness 2: $\text{ }B\text{ }\mathrm{c}1_{M}^{l}(A)-\mathrm{h}\text{ }\supset \mathrm{e}^{\mathrm{O}}-B^{J-}C^{\backslash }\backslash B’\leq^{l}M$
$\text{ }r_{X}\text{ }\not\in_{\mathrm{J}}\sigma \mathrm{y}\mathrm{B}_{\grave{\grave{1}}}5;\text{ }\xi)_{\text{ }}$
Proof. $C=B-\mathrm{c}1_{M}’(A)\text{ _{ }}C,$ $\mathrm{c}1_{M}’(A),\#_{\backslash }1’-\urcorner \mathrm{p}\ovalbox{\tt\small REJECT} \mathit{2};\text{ _{ }},$ $A=A0,$ $\bigcup_{i<\ell d}A_{i}=$
$\mathrm{c}1_{M}’(A),$ $C= \bigcup_{j<\omega}C_{i}\{[succeq]\prime_{f\xi_{\}}\text{ }\beta\S ff_{\grave{\text{ } }q]_{-\neq\vdash}}^{-\mathrm{h}^{\Xi}\mathrm{F}\mathrm{J}(A_{i})_{i<v},(C_{j})_{j<\omega}\mathrm{B}\grave{\grave{1}}\text{ }}}$‘
$\text{ _{}0}\mathrm{c}1_{M}’(A)\leq^{J}\mathrm{c}1_{M}’(A)C\text{ }|\theta \mathrm{A}_{i}\leq\prime A_{\mathrm{i}}C_{\mathrm{j}}$ .
$\Sigma(\overline{y})=\{\forall\overline{x}_{i}(\mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A:}(\overline{x}_{i})arrow \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A:C_{\mathrm{j}}}(_{\overline{X}_{i\overline{y}j}})\wedge \mathrm{c}1^{\mathit{1}}(\overline{x}\overline{y}j\mathrm{I}=\mathrm{c}1’(\overline{x})\overline{y}_{j}) : \mathrm{i},j<\omega\}$
$M$ $M$
$\bullet$ $T_{1}’$ $\omega$-saturated models Back and forth argu-
ment $T_{\acute{1}}$
$M,$ $N\models T_{1}’,\overline{a}\in M,$ $\overline{b}\in N$
$\mathrm{t}\mathrm{p}_{M}(\overline{a})=\mathrm{t}\mathrm{p}_{N}(\overline{b})$ iff $\mathrm{c}1_{M}’(\overline{a})\simeq$
$\mathrm{c}1_{N}^{l}(\overline{b})(\overline{a}\}\prec\overline{b})$ .




$\bullet$ $\mathcal{M}\models T_{1}’,$ $A\leq’\mathcal{M},\overline{a}\in \mathcal{M}$
$\mathrm{t}\mathrm{p}(\overline{a}/A)$ does not fork over $\mathrm{c}1_{\mathcal{M}}’(\overline{a})\cap A$ .
$\mathrm{O}\mathrm{n}\mathrm{e}-\mathrm{b}\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{d}_{\mathrm{o}}\mathrm{C}\mathrm{b}(\overline{a}/A)\subseteq \mathrm{a}\mathrm{c}1_{\lambda 4}^{\mathrm{e}q}(\overline{a})$
Proof. $B=\mathrm{c}1_{\mathcal{M}}’(\overline{a})\cap A$ $(A_{i})_{i<\omega}$ $A_{0}=A$ B-indiscernible
sequence $C= \bigcup_{\mathrm{i}<\iota p}A_{i}$ $\mathrm{c}1_{\mathrm{A}4}’(\overline{a})$ $C$ $B$
$D$ $B\leq’\mathrm{c}1_{\mathcal{M}}’(\overline{a})$ , $B\leq^{r}C$ $B\leq’D$ . $\mathcal{M}$ saturation $D$





$\bullet$ $\mathcal{M}\models T_{\acute{1}},A,B,C\subseteq \mathcal{M}$
$A\lrcorner,$
$CB\Leftrightarrow \mathrm{c}1_{\mathrm{A}4}’(AB)\cap \mathrm{c}1_{M}’(BC)=\mathrm{c}1_{\lambda 4}’(B)\Leftrightarrow \mathrm{a}\mathrm{c}1_{\lambda 4}(AB)\cap \mathrm{a}\mathrm{c}1_{\mathrm{A}\mathfrak{i}}(BC)=\mathrm{a}\mathrm{c}1_{\mathrm{A}1}(B)$
.
$\bullet T_{1}’$ $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{a}1_{\text{ }}$
$\text{ _{}\overline{a}}\lrcorner,$ $\overline{b},\overline{a}\Downarrow\overline{c}\Rightarrow\overline{a}L\overline{b}\overline{c}\text{ }$ $\mathrm{d}’(\overline{b}\overline{c})=c1’(\overline{b})\mathrm{c}1’(\overline{c})$
3 $T1$ reduct( )
$R(x,y)\equiv R’(x,y)\vee R’(y, x)$ $R(x, y)$
$\bullet$
$\mathrm{K}$ $\mathrm{K}’$ $\{R(x,y)\}$ $\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}_{\text{ }}$ $\mathrm{K}’$
$A\in \mathrm{K}\Leftrightarrow$ $A$ $\mathrm{K}’$
$\mathrm{K}$ (K( )
$\bullet$ $A\in \mathrm{K}$ $\mathrm{K}’$ { $R’$ ( $x$ , y)}y
$A’$ ( $A$ unique )
$\bullet$ $B$ $V(B)\mathrm{x}R^{B}$ $w(*, *)=0,1$




$B’\in \mathrm{K}’\Leftrightarrow \mathrm{f}$ $a\in V(B)$ $\Sigma_{a\in e\in R^{B}}w(a, e)\leq 2$
$A’\leq’B’\Leftrightarrow$ $B’=(B, w)$ $a\in V(A),$ $w(a, e)=1\Rightarrow e\in R^{A}\mathrm{J}$
Lemma 3.1 $\delta(A)=2|A|-|R^{A}|$ $\leq$ $A\subseteq B$
$\emptyset\leq A\leq B\Leftrightarrow$ $A’\leq B’\in \mathrm{K}’$ $\delta(A)=2|A\vdash|R^{A}|$
$\overline{\mathrm{K}_{0}}$ $\mathrm{K}$
Proof. $(\Leftarrow):B’=(B, w),$ $A’\leq\prime B’\in K’$ $A\subseteq B_{0}\underline{\mathrm{C}}B$ $A’\leq’B_{0}’$
$\delta(B)\geq\delta(A)_{\text{ }}$ $2|B-A|\geq|R^{B}-R^{A}|$ $B’\in \mathrm{K}’$
$\Sigma\{w(x, e) : x\in B-A, x\in e\in R^{B}-R^{A}\}\leq 2|B-A|_{\text{ }}$ $A’\leq’B’$
$x\in e\in R^{B}-R^{A}$ $\text{ }w(x, e)>0\Leftrightarrow w(x, e)=1,$ $x\in B-A$
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$|R^{B}-R^{A}|=\Sigma\{w(x, e) : x\in B-A, x\in e\in R^{B}-R^{A}\}\leq 2|B-A|_{\text{ }}$
$(\Rightarrow)$ : bipatite graph $G$ $V_{1}=R^{B}-R^{A},$ $V_{2}=B-A$
$\langle_{\text{ }}G\subseteq V_{1}\cup\{t\}\mathrm{x}V_{2}\cup\{\mathit{8}\}$ $G$
$E(G)=\{se : e\in V_{1}\}\cup\{xt : x\in V_{2}\}\cup\{ex : x\in e,x\in V_{2}, e\in V_{1}\}$
$s$ $G$ $\mathrm{s}\circ \mathrm{u}\mathrm{r}\mathrm{c}\mathrm{e}_{\text{ }}t$ $G$ sink $G$ $\mathrm{f}\mathrm{l}\mathrm{o}\mathrm{w},\mathrm{c}\mathrm{a}\mathrm{p}\mathrm{a}\mathrm{c}\tilde{\mathrm{l}}\mathrm{t}\mathrm{y},\mathrm{c}\mathrm{u}\mathrm{t}$
max-flow$= \min$-cut capacity $s,$ $t$ $l|\backslash \backslash \Xi$
$V_{1}$ 1, $V_{2}$ 2
$f$ : $E(G)arrow \mathbb{R}\geq 0$ $G$ flow $x\neq s,tf_{arrow}’$
$\Sigma_{xy\in B(G)}f(xy)=\Sigma_{yx\in B(G)}f(yx)\leq c(x)$
$\Sigma_{sy\in B(G)}f(sy)-\Sigma_{ys\in E(G\rangle}f(ys)=\Sigma_{i\mathrm{I}\mathrm{i}t\in E(G\}}f(xt)=\Sigma_{t\alpha \mathrm{i}\in E(G)}f(tx)$
$v(f)$ flow value
$S\subseteq V(G)-\{s, t\}$ cut $G-S$ flow $vG-s(f)=0$
Max-flow$= \min$-cut Theorem: $\max_{f}v(f)=\mathrm{m}\mathrm{i}\mathrm{n}s:cut\Sigma ae\in Sc(x)$
$\backslash$
Integral Theorem: capacity max-flow flow







$S$ cut $V_{1}-S$ $V_{2}-S$ ( $x\in V_{2}-S,$ $e\in V_{1}=S$
$ex$ $G-S$ flow $g$
$\grave{\grave{3}}$ $1=g(se)=g(ex)=g(xt)$
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0 $v_{G-S}(g)=1$ ) $e\in V_{1}-S,$ $x\in V_{2}$ $ex\in E(G)$
$x\in S_{2^{\text{ }}}X$ $V_{1}-S$ $X-A\subseteq S_{2}$ .
$|X|-|X$ $A|\leq|S_{2}|$ .
$2(|X|-|X\cap A|)\leq 2|S_{2}|<|R^{B}-R^{A}|-|S_{1}|=|V_{1}-S|\leq|R^{X}-R^{A}|$ .
$\delta(X/X\cap A)<0$ .
$A\leq B$ Claim




$f(ex)$ $(x\in V_{2}=B-A, e\in V_{1}=R^{B}-R^{A}, x\in e)$
0 $(e\in V_{1}, x\in e\cap A)$
$v(x, e)$ $(x\in A, e\in R^{A})$
, $e)$ $\emptyset\leq A$ max-flow
$w(*, *)$ $\mathrm{O}\mathrm{K}_{\text{ }}$
$x\in B$ $\Sigma\{w(x, e) : x\in e\}\leq 2$
$x\in V_{2}=B-A$ $\Sigma\{w(x, e) : x\in e\}=\Sigma\{f(ex)$ : $x\in$
$e\}\leq c(x)=2$ .
Theorem 3.2 $\mathrm{c}1’$ reduct $\delta$-rank cl $T_{1}’$ reduct $T_{1}$
$(\mathrm{K}_{0}, \leq)$ -semigeneric Baldwin-3helah $T_{1}$ (
$(\mathrm{K}_{0}, \leq)- gene7’ic$ semigene $tic$ $(\mathrm{K}_{0}, \leq)$ -generic
$T_{1}$ CM- trivial one-based




Trivial : $a_{1},$ $a_{2},$ $a_{3},$ $b$ $R(a_{i}, b)$ $A$
$A\in \mathrm{K}_{0}$ $T$ big model $\sqrt \mathrm{t}\Lambda$ $A\leq$ $ai,$ $aiaj\leq A\leq \mathcal{M}$
$a_{i}1a_{j}$ $a_{1}\Downarrow a_{2}a_{8}$ la2aa $=\mathrm{c}1_{\mathrm{A}4}(a_{1})\mathrm{c}1_{\mathrm{A}p}(a_{2}a_{3})\leq \mathcal{M}$
$\delta(b/a_{1}a_{2}a_{3})=-1$
7 ?
One-based : $a,$ $b,$ $c$ $R(a, c)$ $B$ $B\in \mathrm{K}_{0}$
$B\leq \mathcal{M}$ $\mathrm{t}_{\mathit{1}}\mathrm{a}_{\mathrm{o}}\delta(a/bc)=1=\delta(c/ab)$ $bc,$ $ab\leq \mathcal{M}$ . One-
based $\mathrm{a}\mathrm{c}1_{\lambda 4}(ab)\cap \mathrm{a}\mathrm{c}1_{\mathcal{M}}(bc)=\mathrm{c}1_{\mathrm{A}1}(ab)\cap \mathrm{c}1_{\lambda 4}(bc)=b$ $a_{\backslash }\mathrm{L}_{b}c$
$B=ab\mathrm{I}\mathrm{I}_{b}bc$
4 Reduction non-trivia1,2-amp1e trivial,
one-based $\ovalbox{\tt\small REJECT}$
$R_{1}’(x,y),R_{2}’(x,y)$ 2




$\mathrm{c}1_{B}^{l}0(A\rangle=A, \mathrm{c}1_{B}^{i+1}(A)’=\{y\in B$ : $R_{f}’.(x,y),\mathrm{i}=$
$1$ , 2, $x\in \mathrm{c}1_{B}^{\mathrm{i}}(A)\}$
’
$\mathrm{d}_{B}’(A)=.\bigcup_{u}\mathrm{c}1_{B}’{}^{\dot{\mathrm{t}}}(A)2<$
$\mathrm{c}1_{B}’(A)=\bigcup_{a\in A}\mathrm{c}1_{B}’(\{a\})$ cl/l trivial $1_{\sqrt}\mathrm{a}$
$\mathrm{C}’$ $(\forall x\exists\leq 2yR_{i}’(x,y)(\mathrm{i}=1,2))$
$\mathrm{c}1_{B}’(A)\subseteq \mathrm{a}\mathrm{c}1_{B}(A)$
$\bullet$
$A\underline{\subseteq}B\in \mathrm{C}_{0}’$ $B\models R_{i}’(a, b),$ $a\in A$ $b\in A$
$A\leq’B$
$\bullet$ $R_{i}(x,y)\equiv R_{i}’(x,y)\vee R_{i}’(y,x)$ $R_{i}’$
$\iota_{\sqrt}\mathrm{a}$ $R_{i}$
$\bullet$ $A\in \mathrm{C}_{0}’$ $A$ $a_{0}$ $a_{2}$ $(1, 2)$-path
$A\models R_{1}(a_{0}, a_{1})\Lambda R_{2}(a_{1}, a_{2})$
$\mathrm{I}$ $(a_{0},a_{1}, a_{2})$ .
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$\bullet$ Nice $(1, 2)$-path
$A\models$ $(R_{1}’(a_{0}, a_{1})$ A $R_{2}’(a_{2}, a_{1}))\vee(R_{1}’(a_{0}, a_{1})\mathrm{A}R_{2}^{l}(a_{1}, a_{2}))\vee(R_{1}’(a_{1}, a_{0})\Lambda$
$R_{2}’(a_{2}, a_{1}))$
$\bullet$ A\in C0/( $a$ $b$ $(1, 2)$-path $A\models P^{1,2}(a, b)$ .
$\bullet$ $A\in \mathrm{C}_{0}’$ $A$ $a_{0}$ $a_{2}$ $(1, 2)$-path $A$ $a_{0}$
a2 $(1, 2)$-path $\mathrm{C}’$
$\mathrm{C}’$
: $a,$ $b,$ $c,$ $d$ $R_{1}^{l}(b, a),$ $Rs(a, d),R_{2}’(b, c),$ $R_{2}’(c, d)$
$abcd\in \mathrm{C}’,$ $abc\not\in \mathrm{C}^{t}$
Lemma 4.11. $A\leq’B\in \mathrm{C}’,$ $a,$ $b\in A$
$A\models P^{1,2}(a,b)\Leftrightarrow B\models P^{1,2}(a,b)$ .
2. $B,$ $C\in \mathrm{C}’,$ $A=B\cap C\leq’C$ $B\leq’D:=B$ $A$ $C\in \mathrm{C}’$ .
Proof. 1: $B\models P^{1,2}(a, b)$ $B\models P^{1,2}(a, b)$ $B\in \mathrm{C}’$ $B\models$
$R_{1}’(a, c)$ A $R_{2}^{l}(b, c)$ $c\in B$ ( )
$A\leq’B$ $A$ $B-A$ $c\in A$ $\mathrm{O}\mathrm{K}$ .
2: $B\leq’D$ $D\models R_{1}’(b, a)$ A $R_{2}^{l}(b, \mathrm{c})$ $b\in B$ $a,$ $c\in B$
$B$ $a$ $c$ Nice path $\mathrm{O}\mathrm{K}_{\text{ }}$
$b\in C-A$ $D$ $a,$ $c\in C$ $C\in \mathrm{C}^{J}$ $\mathrm{O}\mathrm{K}$ .
Proposition 4.2 $T_{2}’=\{\forall\overline{x}\exists\overline{y}(\mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x})arrow \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{B}(\overline{x},\overline{y})$ A $\forall z(R_{i}’’(y, z)\Lambda y\in$
$\overline{y}arrow z\in\overline{x}\overline{y}))$ : $i=1,2,A\leq’B\in \mathrm{C}’A,$ $B$ } $\cup\{\forall\overline{x}\neg \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x})$ : $A\not\in$
$\mathrm{C}_{0}’\}\cup\{\forall x,y(P^{1_{\mathrm{t}}2}(x,y)arrow\exists z(R_{1}’(x,z)\mathrm{A}R_{2}’(y, z)))\}$ Lemma ??
$T_{2}’$
$T\dot{n}vial\mathrm{i}ty_{\backslash }$ One-basedness
5 $T2$ Reduction $T_{2}$ 2-ample
$\bullet$ $L’-$ $\mathrm{C}’$ $R_{i}(x, y)(\mathrm{i}=1,2),$ $P^{1,2}(x,y)$ reduct
$\mathrm{C}$
$\bullet$
$\mathrm{C}$ $abc\models R_{1}’(a,b)\Lambda R_{2}’(c, b)$
$B’:=ab\mathrm{c}\in \mathrm{C}’$ $B\models P^{1,2}(a, c)$ $A:=ac\models P^{1,2}(a, c)$
$A$ $B$
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$\bullet$ $A,$ $B\in \mathrm{C},$ $A\subseteq B$ $A’,$ $B’\in \mathrm{C}’,$ $A’\leq B’$
$A\leq B$
$A,$ $B\leq C\in \mathrm{C}$ $A\cap B\not\leq C$ : $C$ $a,$ $b,$ $c,$ $d_{\text{ }}$
$R_{1}(a, b),$ $R_{1}(a, c),$ $R_{2}(b, d),R_{2}(c, d)$
$C$ $R_{1}’(a, b),$ $R_{1}’(c,a),$ $R_{2}’(d, b),$ $R_{2}’(c, d)$ $C’$
$C^{\mathit{4}}\in$
$\mathrm{C}’$ $abd\leq/C’$
$C$ $R_{1}’(b, a),$ $R_{1}’(a, c),$ $R_{2}’(b,d),$ $R_{2}’(d, c)$ $C”$
$C^{\prime/}\in \mathrm{C}’$ $acd\leq\prime C^{\prime/}$
$abd,$ $acd\leq C\in \mathrm{C}$ $abd\cap acd=ac$ $C$
$(C\models P^{1,2}(a, c)$ $ac\# P^{1,2}(a, c))$.




$BC_{\backslash }B-A$ $C-A$ $R_{i}$
$P^{1,2}$ $b\in B-A,$ $c\in C-A$
$B\mathrm{I}\mathrm{J}_{A}C\models P^{1,2}(b, \mathrm{c})\Leftrightarrow$ $B\models R_{1}(b, a)$ $C\models R_{2}(c, a)$ $a\in A$
$(B\Pi {}_{A}C\models P^{1,2}(c, b)$ )
Lemma 5.1 $A,$ $B,$ $C\in \mathrm{C}$




2. $A\leq B,$ $B\leq C\in \mathrm{C}$ $A\leq C$.
3. $A=B\cap C\in \mathrm{C},A\leq B,$ $C\in \mathrm{C}$ $B,$ $C\leq B$ $A$
$C\in \mathrm{C}$ .
Proof. 1: $B^{\prime/}\models P^{1,2}(a, c)$ $a,$ $c\in A$ $A^{\prime/}\in \mathrm{C}’$ a $c$
Nice path $A”$ $\mathrm{O}\mathrm{K}$ .
$a\in B-A,$ $c\in A$ $B\models R_{1}(a, b)$ A $R_{2}(b,c)$
$b\mathrm{B}_{\grave{\grave{1}}}A$
$A”\leq’B’’$ $B”\models R_{1}’(a, b)$ . $abc$ Nice path. $b\in B-A$ $abc$
$B’$ $B’$ Nice path $adc$ $d\in B-A$
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$adc$ $B”$
$a,c\in B-A$ $B\models R_{1}(a, b)\Lambda R_{2}(b, c)$ $b$ $A$ $A”\leq’B’’$
$abc$ $B^{\prime/}$ Nice path $b\in B-A$ $abc\subseteq B-A$ . $abc$ ( $B^{l}$
Nice path $abc\subseteq B-A$ $B”$ $abc$ Nice
path.
2: 1
3: $A’,$ $B’\in \mathrm{C}’,$ $A’\leq’B’,$ $A”,$ $C”\in \mathrm{C}’,$ $A”\leq C’’$ $C”$ $A”$
$A’$ $C$ $C’$ 1 $A’\leq C’\in \mathrm{C}’$
$A’\leq^{J}B’,$ $C’\leq/B^{l}\mathrm{n}_{A}^{J}C’\in \mathrm{C}_{0}’$
$B\mathrm{I}\mathrm{I}_{A}C\in \mathrm{C}$ : $B$ $A$ $C\models P^{1,2}(b,c)$ $b\in B-A,$ $c\in C-A$
$\mathrm{O}\mathrm{K}_{0}$ $b,$ $c\in B$ $b,c\in C$ $\mathrm{O}\mathrm{K}_{\text{ }}$
$T_{2}’$ $R:(i=1,2),P^{1,2}$ reduct $T_{2}$ $\mathrm{C}$ $1_{\mathit{1}}\backslash$
$T_{2}$ $T_{2}’$
$T_{2}$
$\mathcal{M}’$ $T_{2}’$ big model Reduct $T_{2}$ big model
$\mathcal{M}$
Proposition 5.2 $A_{1},$ $A_{2}\leq \mathcal{M}$ $\sigma$ : $A_{1}arrow A_{2}$ $A_{1}\equiv A_{2}$
Proof. Claim 2
Claim 1: $A’\leq \mathcal{M}’$ $A”$ reduct $A’$ $\mathcal{M}’$ $A’$
$A”$ $\mathcal{M}^{\prime/}$ $\mathcal{M}’’$ $T_{2}’$ big model.
Claim 1 : $\mathcal{M}’’\in \mathrm{C}’$ $\mathrm{O}\mathrm{K}$ .
$B”\leq’\mathcal{M}’’,$ $B”\leq’D’’\in \mathrm{C}’$ $D”\simeq_{B}D_{1}^{J/}\leq^{r}\mathcal{M}_{\mathrm{J}}^{\prime\prime_{1}}$
$\mathcal{M}’$ $\mathcal{M}^{\prime/}$
back and fourth $\mathcal{M}’’\models T_{2}’$
saturation
$A”,B^{Jl}\leq \mathcal{M}’’$ d’ Trivial $B”\leq/B_{1}^{J/}:=A’’B’’=A^{\prime/}$ A” $B^{l\prime}$ $B^{l/}\leq’$
$\mathcal{M}’’$ . $D^{\prime/},$ $B_{1}’’\leq’D_{1}’’=D^{\prime/}\text{ _{}B’’}B_{1}^{\prime/}\in \mathrm{C}’$ $A”$
$A’$ $B’,$ $D’,$ $B_{1}^{J},$ $D_{1}’\in \mathrm{C}’$ $B_{1}’\leq’$
$D_{1}’,$ $B_{1}’\leq^{J}\mathcal{M}’$
$\mathcal{M}^{t}$ saturation $D_{1}’$ $B_{1}’$ $D_{1}’\leq/\mathcal{M}$
$A’\not\leq D’,$ $B’$ $B’\leq D’,$ $B_{2}’$ $D’\leq D_{1}’$
$\mathrm{t}_{J}\mathrm{a}_{\text{ }}$
$A’$ $A”$ $D_{1}^{t/}$ $B_{1}’’$ $D_{1}^{J/}\leq’\mathcal{M}’’$
$D”\leq D_{1}’’$
$D”$ $B”$ $D”\leq^{J}\mathcal{M}$
Claim 2: $A\leq \mathcal{M}\Leftrightarrow$ $A^{\prime l}\leq’\mathcal{M}’’$ $\mathcal{M}’’\models T_{2}’$ big model
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Claim 2 : $(\Leftarrow)$ $\leq’$
$(\Rightarrow):\mathcal{M}’\models T_{2}’$ saturated $A\leq$ $A”\leq’\mathcal{M}^{\prime l}$
$\mathcal{M}^{JJ}$ saturated $A_{1}=\mathrm{c}1_{\lambda 4}’,(A’’),$ $A_{2}=$
$\mathrm{c}1_{\lambda 4}’,,(A_{1}),$
$\ldots,$
$A_{2i+1}=\mathrm{c}1_{\mathrm{A}1’’}’(A_{2i}),A_{2i+2}=\mathrm{d}_{\lambda 4^{l2}}’(A_{2i+1}),$ $\ldots$ $B= \bigcup_{i<\omega}A_{i}$
$B^{l}\leq/\mathcal{M}’,$ $B”\leq’\mathcal{M}’’$ $B’\leq’\mathcal{M}’$ $\mathcal{M}$ $B’$
$B”$ $\mathcal{M}_{1}^{Jl}$ Claim 1 $\mathcal{M}_{1}^{\prime/}$ saturated.
$A”\leq\prime B’’$ $A^{\prime/}\leq^{J}\mathcal{M}_{1}^{J/}$.
:Claim 2 $A_{1}’’\leq \mathrm{A}\mathit{4}’’,$ $A_{2}’’’\leq’\mathcal{M}’’’$ $\mathcal{M}’,$ $\mathcal{M}^{l/}$ saturated
$\mathcal{M}’’$ $A_{1}’’$ $A_{2}’’’$
$\mathcal{M}^{\prime\prime\prime\prime}$
Claim 1 $\mathcal{M}^{\prime//\prime}$ saturated. $A_{1}^{\prime/l/}$ $A_{2}^{\prime\prime/}$
$T_{2}’$ saturated models $\mathcal{M}^{\prime/\prime\prime},$ $\mathcal{M}’’’$ back and forth $T_{2}’$ $A_{1}^{\prime\prime\prime\prime}\equiv A_{2}’’’$
$T_{2}$ $A_{1}\equiv A_{2}$ .
Non-forking
Proposition 5.3 $A,B\leq AB=A\Pi A\cap BB\leq \mathcal{M}$ $A_{\backslash }\mathrm{L}_{A\cap B}^{B}$.
Proof. $C=A\cap B$ $(B_{i} : \mathrm{i}<\omega)\subseteq$ $B_{0}$ $C$-indiscernible se-
quence $B\leq \mathcal{M}$ $B_{i}\leq \mathcal{M}$ . $N_{i}\models T_{2}’$ $B_{i}\leq \mathcal{M}$
$\mathcal{M}$
$E_{0}^{0}= \mathrm{c}1_{\mathcal{M}}(\bigcup_{i<\omega}B:),$ $E_{1}^{0}=\mathrm{c}1_{N_{1}}’(E_{0}^{0}),$ $\ldots E_{i+1}^{0}=$
$\mathrm{c}1_{N\dot{.}+1}’(E_{i}^{0})\ldots E_{0}^{1}=\bigcup_{i<\omega}E_{0}^{i},$ $\ldots,E_{j+1}^{i}=\mathrm{c}1_{N_{\mathrm{j}+1}}’(E_{j}^{f}.),$ $\ldots,$
$E_{0}^{i+1}= \mathrm{c}1_{M}’,(\bigcup_{j<\omega}E_{j}^{i}),$ $E_{1}^{i+1}=$
$\mathrm{c}1_{N_{1}}’((E_{0}^{i+1}),$ $\ldots D=\bigcup_{i<\omega}E_{0}^{i}$
$D\leq’\mathrm{A}\mathrm{t}’$ . $B:\leq D\leq \mathcal{M}$ .
$F:=A_{1}\Pi_{C}D,A\simeq cA$ $C\leq F\in \mathrm{C},$ $C\leq \mathcal{M}$ $F\leq \mathcal{M}$
$A_{1},$ $A\leq \mathcal{M}$ $A_{1}\equiv c$ A. $A_{1},$ $B_{i}\leq A_{1}B_{i}=A_{1}\mathrm{I}\mathrm{I}cB_{i}\leq \mathcal{M}$
( $C’\leq B_{\dot{\mathrm{z}}}’\leq D’\leq’F^{l}$ $A_{1}’,$ $B’\leq A_{1}’B’\leq F’.$ )
$AB\equiv A_{1}B$ .







Proof. 1: $a_{0}a_{1}a_{2}\models R_{1}’(a_{0}, a_{1})$ AR a2, $a_{1}$ ) $a_{0}a_{1}a_{2}\in \mathrm{C}’$ $a_{0}a_{1}a_{2}\leq$
$\mathrm{A}l$ ??
2: $a_{0}=c_{0}$ $c_{0}c_{1}c_{2}c_{3}c_{4}$ discrete $\leq c_{0}c_{1}c_{2}c_{3}c_{4}\leq \mathcal{M}$
$\{P^{1,2}(c_{i},y):0\leq \mathrm{i}\leq 4\}$ $d$
$c:\leq \mathrm{A}t$ $d,$ $c_{i}$ Nice path $d$ $\mathrm{c}_{i}$ $d$
Path 4
3: $a_{0}a_{1}b\models R_{1}’(a_{\lambda}, a_{0})\mathrm{A}R_{1}’(b, a_{0})$ $a_{0}a_{1}b\in \mathrm{C}$ $a_{1}a_{0},$ $ba_{0}\leq$
$a_{1}ba_{0}\leq \mathcal{M}$ $a_{1}a_{0}\equiv ba_{0}$ . $a_{0}a_{1}b$ $a_{0}a_{1}b\models R_{1}’(a_{0}, a_{1})$ A
$R_{1}’(a_{0}, b)$ $a_{1}b\leq a_{1}ba_{0}\leq \mathcal{M}$ $a_{1}fb$
$c\in \mathrm{a}\mathrm{c}1(a_{0})\cap \mathrm{a}\mathrm{c}1(a_{1})$ $c\in \mathrm{a}\mathrm{c}1(a_{0})\cap \mathrm{a}\mathrm{c}1(b)$ . $c\in \mathrm{a}\mathrm{c}1(\emptyset)$
4: $a_{0}ba_{2}\models R_{1}’(a_{0}, b)\Lambda R_{2}’(a_{2}, b)$ $a_{1}a_{0}a_{2}\equiv ba_{0}a_{2}$ $b_{\backslash }\mathrm{L}_{a\mathrm{o}}a_{1}$
$c\in \mathrm{a}\mathrm{c}1(a_{0}a_{1})\cap \mathrm{a}\mathrm{c}1(a_{0}a_{2})$ $c\in \mathrm{a}\mathrm{c}1(a_{0}a_{2})$ $c\in \mathrm{a}\mathrm{c}1(a_{0}b)$ .
$c\in \mathrm{a}\mathrm{c}1(a_{0})$ .
6 Non-trivial
$R\wedge(x,y)$ , $R_{2}^{J}(x,y)$ $\mathrm{C}_{0}’$
$\bullet$ $D_{0}’\subseteq \mathrm{C}_{0}’$
$\mathrm{C}’$ $\mathrm{i}=1,2$ R}R
$\bullet$ $D_{0}$ $D_{0}’$ $R_{i}(\mathrm{i}=1,2),$ $P^{1,2}$ Reduct
Remark 6.1 $B\in D_{0}\Leftrightarrow\overline{|}B$ 2




$(\Leftarrow):B’\in D_{0}’$ $B_{0}\subseteq_{\omega}B$ $B_{0}’\in$ 0’ $B$
2 $B$ b $b_{0}$
$R’(b_{0}, *)$ $B-\{b_{0}\}$
$B$ $b_{0},$ $b_{1},$ $\cdots b_{n}$ $B$
$B’$ $B’\models R’(bi, bj)$
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\’i $j$ $B^{J}\in D_{0}’$
$\bullet$ $D’$ $\mathrm{C}_{0}’$ $\mathrm{C}’$ $(1, 2)$-path Nice path
0/
$\bullet$ $A\in D_{0}’$ A} $a_{0}$ $a_{2}$ $(1, 2)$-path $A$ { $a_{0}$
a2 $(1, 2)$-path /
$l$
$\bullet$ $T_{2,\Phi}’,$
$=\{\forall\overline{x}\exists\overline{y}(\mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x})arrow \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{B}(\overline{x},\overline{y})\mathrm{A}\forall z(R_{i}^{J/}(y, z)\Lambda y\in\overline{y}arrow z\in$
$\overline{x}\overline{y}))$ : $i=1,2,$ $A\leq’B\in D’A,$ $B$ } $\cup\{\forall\overline{x}\neg \mathrm{D}\mathrm{i}\mathrm{a}\mathrm{g}_{A}(\overline{x})$ : $A\not\in$
$D_{0}’\}\cup\{\forall x, y(P^{1,2}(x,y)arrow\exists z(R_{1}’(x, z)\Lambda R_{2}’(y, z)))\}$ $T_{2,\mathcal{D}’}’$
biviality $\backslash$ One-basedness
$\bullet$ $T_{2,D}$ $T_{2,\mathcal{D}’}’$ Reduct non-trivial 2-ample. $T_{2,\mathcal{D}}$ Trivial $\text{ _{}9\mathrm{I}\mathrm{f}\mathrm{f}\mathrm{l}}^{-}\vec{\Rightarrow}\mathrm{A}$
Reduct
Definition 6.2 1. $T$
$r(x, y)$
(a) $ab\models r(oe,y)$ $a\not\in \mathrm{a}\mathrm{c}1(b),$ $a\not\in \mathrm{a}\mathrm{c}1(b)$
(b) $a\neq a^{r}$ $r(a,y)\cup r(a’,y)$ $b\neq b’$
$r(x, b)\cup r(x, b’)$ $\backslash$
2. $T$
$\models s(a, b, c)$ $\mathrm{t}\mathrm{p}(ab),$ $\mathrm{t}\mathrm{p}(bc)$
$s(x,y, z)$
Theorem 6.3 $B^{J}$ $a0,$ $a1,$ $a2,$ $b1,$ $b2’ b3’ c0’ c1,$ $d1,$ $d2$





1. $A’\leq B’,$ $A’,$ $B’\in D’$
2. $a_{0}\not\in \mathrm{a}\mathrm{c}1(A),$ $a_{1}\not\in \mathrm{a}\mathrm{d}(a_{0}A),$ $a_{2}\not\in \mathrm{a}\mathrm{c}1(a_{0}a_{1}A)$
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3. $\mathrm{t}\mathrm{p}(a_{0}a_{1}a_{3}/A)$
Proof. 1: $A’\leq\prime B’$ $B$ $R_{i}’$
2 $b_{1}a_{1}c_{1},$ $b_{1}b_{2}d_{2}$ Nice $(1, 2)$-path
$d_{1}$ $b_{1}$ $c_{1\text{ }}b_{1}$ $d_{2}$ Nice $(1, 2)$-path $B’\in D’$
$A’$ $d_{1}$ $A’\in D^{l}$ .
2: 1 $A\leq B\leq \mathrm{A}t$ $e_{j}(j<\omega)$ $a_{i}$ $B-a_{i}$
$\{ej : j<\omega\}$ discreet(no relations) $B\{ej : j<\omega\}\leq \mathcal{M}$ .
$B=Aa_{0}a_{1}a_{2}e_{0}\cdots e_{j}\cdots\leq \mathcal{M}$ $B$ $\lceil_{e_{j}}$ $a_{i}$
$B’$ $B’\leq \mathrm{A}t$ $a_{i}\equiv_{Aa_{<:}}e_{j}$
3: $aiai+1\equiv Aa_{i}’ai+1$ $a_{i+1}\in \mathrm{a}\mathrm{c}1(Aa_{i}a_{i}’)$
$B\models R_{i+1}(a_{i+1},a_{i})\Lambda R_{i+1}(a_{\dot{x}+1}, b_{i+1})\Lambda R_{i+1}(a_{i+1},a_{i}’)$
$a_{i+1}$ $a_{i}a_{i}’A$ 3 3
$\lambda 4$ Remark ??
$B\models R_{i+1}(a_{i}, a_{i+1})\Lambda R_{i+1}(a_{i}$, c $R_{i+1}(a_{i}, a_{i+1}’)$
$a_{i+1}$ $a_{i+1}a_{i+1}^{J}A$ 3 3
$\mathcal{M}$ Remark ??
Question 6.4 1. C’
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